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Abstract. It is proved that every q.c. diffeomorphism w between two do- 
mains with smooth boundary satisfying the inequality \Hw\ < M| Viup -\- N is 
Lipschitz continuous. This extends the results of the authors |10l . In addition 
it is proved that, every quasiconformal harmonic mapping between two zero- 
genus C^'" surfaces with C^'" boundary, is Lipshitz as well. This theorem is 
applied to the case of minimal surfaces spanning C'^'° Jordan curves and is 
extended to the case of C^'" surfaces with smooth and compact boundary. 

1. Introduction 

1.1. Basic facts and notation. By U we denote the unit disk, by SI a domain 
in and by 5* a smooth 2 dimensional surface in M', I > 3. Let / be a smooth 
mapping between a Jordan domain fl and a surface S of the Euclid space M'. 
Consider the functional 

(1.1) E[f]^ 1 1 \h? + \fy\^dxdy 

and minimise it under the boundary conditions f\si{z) = "/(z) G T = dS. The 
stationary points of the energy integral E[f] satisfy the Euler-Lagrange equation 
i.e. Laplace equation 

(1.2) Af = f,, + fyy=4f,^=0. 

The mapping / satisfying the relation (|1.2p is called harmonic. We also consider 
elliptic partial differential equation (PDE): 

(1.3) Lf = aiifx^ + 2ai2fxy + 0,22 fy + hfx + b2fy +g = 0, for {x, y) e fl 

where an, ai2, 022, 61, 62, which we call the coefficients of the operator L are func- 
tions in f2, an > and aiia22 — a^2 > on SI. If an > ao > and aiia22 — > 
do > on fi, then the equation (|1.3p is called strictly elliptic partial differential 
equation on fl. 

Let us define harmonic mappings and quasiconformal mappings between two 
smooth 2 dimensional surfaces 5*1 and 52- For every a G Si let Xa{x,y) be a 
conformal mapping between the unit disk and a neighborhood Ua C Si i.e. let 
x,y be isothermal coordinates in Ua- The mapping / of the surface Si into the 
surface S2 is called harmonic if for every a G Si / o Xa ( g = (i7(a))~^ ° / ° 
) is harmonic in U. Let fc € [0, 1) and let / be a homeomorphism between 5*1 and 
52- Let a G S"^ be arbitrary and let Xa be isothermal coordinates in Ua- Similarly 
let Yf(^a) be isothermal coordinates in some neighborhood Vj(a) in Y- If for every a 
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the mapping g — (^/(a))^^ ° f ° Xa satisfies the inequahty \gz\ < k\gz\ in X^^{Ua), 
then / is said to be a A; quasiconformal (q.c.) mapping. 

We will mainly investigate some properties of quasiconformal mappings between 
smooth 2 dimensional surfaces, satisfying certain differential equations (inequali- 
ties), in particular satisfying laplace equation. See [13] for the first result and see 
[To]- [I? and [22" for some recent results on the topic of q.c. harmonic functions for 
plane domains. See also the Background for the statements of results concerning 
this topic. 

1.2. Background. Below we present some previous results about the boundary 
correspondence and Lipschitz continuity under quasiconformal and harmonic map- 
pings. 

(1) If ui : r2 I— > VLi is quasiconformal then w has a continuous extension to fJ, 
see [1]. 

(2) If w is conformal mapping and 7,71 G C™ then w has a C™~^ extension 
on boundary (see for instance 21j). 

(3) If w is a harmonic diffeomorphism of the unit disk onto itself then the fol- 
lowing conditions are equivalent: w is q.c; w is bi-Lipschitz; the boundary 
function is bi-Lipschitz and the Hilbert transformation of its derivative is 
in L°° (see [21 ). 

(4) An orientation-preserving homeomorphism -0 of the real axis can be ex- 
tended to a q.c. harmonic homeomorphism of the upper half-plane if and 
only if is bi-Lipschitz and the Hilbert transformation of the derivative t/i' 
is bounded (see [12]). 

(5) Let / be a quasiconformal diffeomorphism from the C^'" Jordan domain 
n onto the C^^" Jordan domain fii. If there exists a constant M such that 
l^/l < M\Iz ■ /z|, 2: e ri, then / has bounded partial derivatives. In 
particular, it is a Lipschitz mapping. See [TU] . 

(6) Suppose that h is an euclidean harmonic mapping from U onto bounded 
domain D — h{U). Suppose that zq G T, /i has continuous extension to 
some open arc z^^ ^ I that it maps univalently onto convex smooth arc 
7 G dD. If h is qc in some nbgh zq, then /i^ is bi-Lipscitz in in some nbgh 
zp, see [5], p. 116. 

(7) Let Q, and Q,i be Jordan domains, let ^ e (0, 1], and let / : > be a 
harmonic homeomorphism. Then: 

(a) If / is q.c and 9f2, (9f2i S C^'^, then / is Lipschitz; 

(b) If / is q.c and if dVt, dVli e C^'^ and ili is convex, then / is bi- 
Lipschitz; 

(c) If is the unit disk, fii is convex, and dQ,^dQ,i E C^'^, then / is 
quasiconformal if and only if its boundary function is bi-Lipschitz 
and the Hilbert transform of its derivative is in L°°. 

(d) If / is q.c and if fl' is convex then the boundary functions is bi- 
Lipschitz in the Euclidean metric and Cauchy transform C[/^] of its 
derivative is in 

(e) If / is q.c and if fl' is convex then the inverse of boundary functions 
gb is Lipschitz in the Euclidean metric and Cauchy transform Cfg^] of 
its derivative is in L°°. 

Concerning the items (a), (b) and (c) we refer to [13], and for the items 
(d) and (e) see [18]. 
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(a) Let / be a quasiconformal diffcomorphism from the C^'" Jordan 
domain H. onto the C^'" Jordan domain D. If there exists a constant 
M such that 

(1.4) |A/| <M|/,./,|, zen, 

then / has bounded partial derivatives. In particular, it is a Lipschitz 
mapping. 

In connection with statements 8 a), b), c), d) and e) see Theorem 10.12 and 
Theorem 11.29 in K. Astala, T. Iwaniec, G. Martin, J. Onninen, Extremal Mappings 
of Finite Distortion yy. They have observed that given qc data, the minimiser is 
seldom qc. 

Proposition 1.1. Suppose that domains ft and ft' in Theorem 10.12 T are C^'°' . 
The unique minimiser f of the problem is qc if and only if h = satisfies one of 
equivalent conditions 8 (c), (d) or (e)(or if the boundary mapping-data Qb = f^^ 
satisfies one of equivalent conditions 8 (c), (d) or (e)). 

For the mapping / : f^i f^s we write / e C'^"(r2) (/ € C''"(l7)) (/ G N, < 
a < l)i if / G C' and for every compact subset E dVLi there exists a constant C — 
C{E) {C = C(r!i)) such that := Y.\0\<i ll^'^^ll+Ei/JHi snv.,y^^\\DPu{x)- 

DPu{v)\\-\\x^y\\-^ <C. 

The domain Q. is called C''" domain if the boundary dVl is a compact C''" 
1-dimensional manifold (curve). 

A surface S C M" with the boundary dS will be called C''" surface if there 
exists a C''" diffcomorphism h from S U dS to a C''" closed domain JIq = ^ U dO.. 
More precisely h and are C''" diffeoniorphisms having C''" extension to the 
boundary. If S is C''" surface, then there exist C''" functions , h'^ , . . . , defined 
on n such that S U dS ^ {h{z) = (/?>(z), . . . , h"{z)) : z £ n},and 

(1.5) rank[/i'(z)] = 2, 

for all z — X + iy €z If is the unit disk then such surface we call disk-like 
surface. 

Remark 1.2. If 5 is a disk-like C''" surface of R", n > 2, then by Whitney 
extension theorem 5 is a subset of a closed C''" surface Soo without boundary in 
M". Hence there exists a C''" disk- like surface Si such that S C intS*!. For the 
sake of completeness let us prove the last fact directly: By [4, Theorem 3.1.14, p. 
225)] every C''" smooth function h defined in a closed set E of Euclid space has 
an C''" extension to R^. It follows that the mapping h{z) = {h^{z), . . . , h'^{z)) has 
an C''" extension h to the whole plane. Since h is injective and rank [/i'(2:)] = 2, for 
\z\ < 1 there exists r > 1 such that rank[/i'(z)] — 2, for \z\ < r. Since h is injective 
in \z\ < 1 and locally injective in \z\ < r, there exists rg G (1,?"] such that h in 
injective in \z\ < ro- Then we take Si — h{D{0,ro)). The same hold for arbitrary 
(ji,a suj-faces. 

It is well known that an orientation preserving quasiconformal mapping / : i— > 
C of a planar domain is a solution to the Beltrami equation: 

(1.6) df{z) = fiiz)df{z), 

where d— ~ ■^(^~i^)j^= ^ = ^(^+i^), and /i(z), a measurable function 
in fl with I |oo < 1, is called the Beltrami coefficient or the complex dilatation of /. 
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A q.c. mapping / we will call regular at a point zo if there exist continuous partial 
derivatives of / in some neighborhood of zq and Jf{zo) = |/z(zo)P — 1/2(2^0)^ > 0. 

1.3. Auxiliary results. 

Theorem 1.3. Let H. be an open subset 0/ C, < a < 1 and I G N. Let fi E 

C'^"(f7), such that sup^gfj 1/^(2)1 < 1. Then there exists the dijfeomorphic solution 
f of Beltrami equation: 



that belongs to the class C'^^'"(f2). 

Note that, after writing this paper, it was pointed out to us by T Iwaniec that 
the theorem there hold for ^ = as well. For the sake of completeness, we give the 
proof of this weaker form of theorem, which is one of the main tools in proving the 
main result of this section (see below Theorem 11.71) . 

We will prove the theorem using the following three propositions: 

Proposition 1.4 ([3], Corollary 9.18). Let H. be a C^'^ domain in M^, and let 

the operator L be strictly elliptic in fl with coefficients a.ij G C^{VL), hi G L°° , 
i,j ~ 1, 2. Then, if ip G C'^(9f2), the Dirichlet problem Lu = in ft, u = ip on dft, 
has a unique solution u G D C^{il). 

Proposition 1.5 ([3], Theorem 9.19). Let u be Wf^"^ solution of PDE Lu — f in 

a domain $7, where the coefficients of L belong to C'^^'"(r2), Z > 1, < a < 1. 
Then u £ C'"*"^'". Furthermore if VI G C'+^'", Lu — f is strictly elliptic in VI with 
coefficients m C^-^^°'{Ti), then u G C'+i'"(n). 

Proposition 1.6 ([1, Theorem 7.2]). Let /i, < /c < 1, be a measurable function 
in a domain VI such that the integral 



converges uniformly in every compact subset FofVl i.e. for every e > there exists 
r > such that |/(r)| < e for every zq G F. Then every quasiconformal mapping 
w : h— > f2' whose complex dilatation coincides with /i almost everywhere in VI is a 
regular quasiconformal mapping of VI and has complex dilatation /i for every z G VI. 

Proof of the Theorem 11.31 According to Riemann measure mapping theorem 
there exists a homeomorphic solution / of Beltrami equation. On the other hand 
since fi is holder mapping the integral (|1.8p converges at every compact subset of 
VI. Thus / is q.c. diffeomorfism. Let D be an arbitrary closed disk in VI and let 
V = f\dD- Let fi ~ a + i(3. Then p.7p is equivalent to the system: 



(1.7) 



df{z) 



fi{z)df{z), 



(1.8) 




(1 — a)ux — (1 + a)v., 
(1 + a)uy + (1 — a)v. 



'x 



'y 



(3{uy - Vx) 

P{Ux + Vy). 



Hence 



'y 



|Mp + l + 2a 
l/ip + 1 - 2q 

1-H2 



Ux + 



Uy + 




2/3 



u. 



'X 



PUx 



pu. 



+ guy. 



■y 



gux 
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Since Vxy — Vyx it follows 

(1.9) Lu := puxx + 2guxy + p'uyy + [px + Qy)ux + [p'y + Qx)Uy = 0. 
Similarly we obtain the equations 

|/i|2 + l-2a 2/3 

= — i-w ^ T-^"^ = -P'^y - 

|/iP + l + 2a -2/3 , ^ 

and hence 

(1.10) LiV p'Vxx + 2£IWj;y + pWj^j^ + (p^ + £)j;)Wj; + {py + ea;)Wy = 0. 

Since p > 0, p' > and p • p' - = 1 > it follows that the PDE's pT^)) and pTTU)) 
are strictly elliptic. On the other hand since p G C''" it follows that the coefficients 
of L and Li are C'~^'". Using Proposition 1 1 .41 and Proposition 1 1 . 51 we obtain that 
the solutions ui and vi of the Dirichlet problems Lu = 0, u = Re on dD and 
Liw = 0, w = Im</7 on (9D are C'"*"^^". Since the solution is unique it follows that 
the function f ^ u + iv = ui + ivi € C'+i'"(L'). Consequently / G C'+i'"(f}). □ 

Theorem 1.7. Lei S be a disk-like C''" (? > Ij surface in R". T/ien i/iere exists a 
conformal C''" parameterisation X of S having a C''" extension to the boundary. 

To prove the theorem we need the proposition: 

Proposition 1.8 (Kellogg and Warshawski see [TS], [53] and [M])- *s a Jordan 
domain having a C''" boundary and uj conformal mapping ofil onto D, then lu^^^ £ 
C"(f2). In particular it is bounded from above on U. 

Proof of the Theorem 11.71 According to the Remark 11.21 we can consider the 
surface Si D S and a C'^" diffeomorphism h{z) = {h^ , h'^ , . . . , h"^) from the unit 
disk U onto 5*1 . 

We easily obtain that 



(1.11) da^ — — giidx^ + 2gi2dxdy + 522^?/^, 
where 

n n n 

(1.12) gn = J2 ^^^^ 912 = E 922 = ^ ' 

j=i j=i j=i 

By Holder's inequality, 

5i2 < 511522 
with equality throughout if and only if 

{hlhl,...,h^f,)^p{x,y){hlhl...,h-y) 

for some p. However, since the map (x, y) > (ft,^, /i^, . . . , ft,") is a diffeomorphism, 
the linear map between tangent planes: 

h'{x,y):T{\5)^T{Si) 

has rank 2. Therefore, according to (jl.Sp the strict inequality 

(1.13) 311322 - 5i2 > holds for all {x,y) £ U. 
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Using the complex notation z — x + iy, (jl.lip can be written as 
d(T^ ~ -gii{dz + dzY 



1 



-gi2{dz'^ - dz^) - -g22idz - dz)"^ 
1 



,1 



1 



= dz (-511 - -.922 - 2^12) + dz (-311 - -.922 + 2512) + dzdz{-gii + -.922) 
= \Adz + Bdz\^ = \A\^\dz + ^dz\^, 



where 

and 
(1.14) 



1^1' 

B 

A 



11 



522 j 



511522 



5?2 



^(511 



522 j + «5l2 



5(511 + 522) + V511522 - 5^2 
Hence, using the inequaUty (|1.13p it foUows that 



5(.9ii + 522) - \/5ii522 - 5?2 



I (511 + 522) + \/5ll522 



5?2 



< 1 



for all z = X + iy Cz V. 

On the other hand, using the complex notation w 
be written as 



iv, the metric in U can 



du^ 

Hence, if the map w{z) 



■dv^ 



\dw\^ 



dz ■ 



^^dz 



u{z) + iv{z) satisfies the Beltrami equation w- = fj,Wz 



with the coefficient n = ^ £ C'~^'"(U), then the conformality condition 

du^ + dv'^ = A(a;, yfdcr'^ 

is satisfied with X{x,y) — \wz\/\A\ > 0. Since /io max^^u |/x(2:)| < 1, using 
Theorem II .Si we obtain that the solution w of the Beltrami equation is in the class 
C''"(U). It follows that the mapping h o : w{l]) 1-^ S'l is a C''" conformal 
diffeomorphism. Let = h~^{S). Then SI is a compact subset of the unit disk U 
having a C''" boundary. It follows that H.' — w{fl) is also a Jordan domain having 
a C''" Jordan boundary. Now using Kellogg's theorem the Ricmann conformal 
mapping : fi' 1-^ U is a C''" diffeomorphism on fl'. Finally, the conformal 



mapping X = h< 



O if 



satisfies the desired conditions. 



□ 



Corollary 1.9. Let X : V t—f S be a conformal mapping between the unit disk and 
the disk-like C^'" surface S . Then 

(1.15) 

(1.16) C:= 
(1.17) 



min{2:|^|<i} |X„(z)| = min{2.|^|<i} \Xy{z)\ > 0, 
H^:\z\<i} \Xuu{z)\ + \Xuviz)\ + \Xyy{z)\ < 00, and 



\\og\X^{w) 



< M' <oo. 



Proof. The first two inequalities follows directly from Theorem 11.71 For p 
log|X„(w)p we have 



^ -^UU ; -^U ^ i ^ X^y , X^ > 



< > +i < Xum Xy > 
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Consequently: 



(1.18) 




□ 



2. The main results 



Theorem 2.1 (The main theorem). Let f he a quasiconformal diffeomorphism 
from the plane domain f2 onto the plane domain G. Let 70 C and jg = /(7n) C 
dG be G^'°' respectively C^'" Jordan arcs. If for some t G 70 there exist positive 
constants r, M and N such that 



then f has hounded partial derivatives in D,C]D{t^ r^) for some r^ < r. In particular 
it is a Lipschitz mapping in flH D{T,rT). 

Proposition 2.2 (Interior estimate). (Heinz-Bernstein, see [8J). Let s : U ^ M 
he a continuous function from the closed unit disc U into the real line satisfying the 
conditions: 

(1) s is on V, 

(2) Sbi0) = s{e''^) is C2 and 

(3) I As I < Mo|Vsp + iVo, on U for some constants Mq and Nq (the last in- 
equality we will call the interior estimate inequality). 

Then the function |Vs| is hounded on U. 

Proof of Theorem \2.1l Let r > be sufficiently small positive real number such 
that A = D{t, r) n 17 is a Jordan domain with C'^'"' boundary consisting of a circle 
arc C{to,ti) and an arc 7o[tojii] C 7 containing r. Take D = /(A). Let 5 be a 
conformal mapping of the unit disc onto A. Let / = f ° g. Since A/ = jg'pA/ 
and |V/p = |5'P|V/p, we find that / satisfies the inequality with Mi = M 
and Ni — N ■ inf|2|<i \g'{z)\^^. We will prove the theorem for / and then apply 
Kellogg's theorem. For simplicity, we write / instead of /. Let J be a compact 
subset of 7o containing r but not containing the points to and ti. Let t £ J he 
arbitrary. 

Step 1 (Local Construction). In this step we show that there are two Jordan 
domains Di and D2 in D with C^'" boundary such that 



(ii) dD n dD2 is a connected arc containing the point w — f{t) in its interior, 



Let Hi be the Jordan domain bounded by the Jordan curve 71 which is composed 
by the following sequence of Jordan arcs: {y^^^ + (2 — a;)^/^ = 1, 1 < x < 2}; 



{(2 - y)V5 + (2 - a;)i/5 = 1, 1 < a; < 2}; [(1, 2), (-1, 2)]; {(2 - y)i/5 + (2 + a;)i/5 = 
1, -2 < a; < -1}; {y^/^ _,_ (2+a;)i/5 = 1, -2 < x < -1} and [(-1, 0), (1, 0)]. Let i?2 
be the Jordan domain bounded by the Jordan curve 72 which is composed by the 
following sequence of Jordan arcs: {y^/^ + (2 - x)^/^ = 1, 1 < a; < 2}; [(2, 1), (2, 2)]; 
{(3 - y)i/5 + (2 - x)i/5 = 1, 1 < x < 2}; [(1, 3), (-1, 3)]; {(3 - y)'/^ + (2 + x)'/^ = 
1,-2 < X < -1}; [(-2, 2), (-2, 1)]; {yi/5 + (2 + ^y/s = I, -2 < x < -1} and 
[(-1,0), (1,0)]. Note that Hi c H2 C [-2,2] x [0,3], n R = Si/a n M = [-1,1] 
and that dHi,dH2 € G^. 



(2.1) 



|A/| < Af|V/|2 + iV, zef]nD(r,r), 



(i) D1CD2C D, 



(ni) 7^ 91)2 \ dDi C D. 
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Let r be an orientation preserving arc-length parameterization of 7 = dD such 
that for So e (0,length(7)) there holds: T{so) = f{t). Let D* = r{so)D, b = 

r'(so)/(t) and T* = r'(so)r. Then there exists r > such that {b,b + ir] C D*. 
Since 7* = dD* e C^'", it follows that, there exist xq > 0, e > 0, yo G (0,r/3), the 
C^'" function h : [-2xo, 2xo] M, h{0) = 0, and the domain C D* such that: 

(1) r*([so -s,so + e]) ^{b+ (x, h{x)) : x e [-2xo, 2xo]}, 

(2) D*^^{b+{x,h{x)+y) : xG h2xo,2xo], (0,3yo]}- 
Let T : [—2,2] x [0,3] D2 be the mapping defined by: 

T(a;, y)=b+ {xxo,h{xxo) + yyo). 

Then T is a C^'" diffeomophism. 

Take A = r'(so) • T{H,), i = 1,2. Obviously Di C D2 C D and Di and 
D2 have C^'" boundary. Observe that f{t) = T'{so)T'{so)f{t) = r'(so)T(0) € 

r'(so)T([-i,i]) = 9DinaD2. 

Step 2 (Application of the Interior Estimate). Let (p be a conformal map- 
ping of D2 onto H such that (^~^(oo) € 9£>2 \ dDi. Let f2i = (f>{Di). Then there 
exist real numbers a, b, c, d such that a < c < d < b, [a,b] = dQi n K and 
I = (p~^{dfli \ [c,d]) C D. Let t/i = f^^(Di) and 77 be a conformal mapping 
between the unit disc and the domain Ui. Then the mapping / = ^o/oryisaC^ 
diffeomorfism of the unit disc onto the domain Oi such that: 

(a) / is continuous on the boundary T = dV (it is q.c.) and 

(b) / is on the set Ti = f-\dili \ (c, d)). 

Let s := Im/. First, note that (a) implies that s is continuous on T = d\J. On 
other hand, as / e C'^, s satisfies the condition: 

(1) s e C2(U). 

^From (b) we obtain that s is on the set Ti = f~^{dfl \ {c,d)). Furthermore, 
s = on T2 — f~^{a, b); and therefore s is on T2 = f~^{a, b). Hence: 

(2) s is on T = Ti U T2. In other words, the function ss : R ^ M defined by 
si,{0) = sie'") is C2 in M. 

In order to apply the interior estimate, we have to prove that 

(3) |As(^;)| < Mo\ V s{z)\'^ + Nq, z € U, where Mq and Nq are constants. 
To continue wee need the following lemma: 

Lemma 2.3. /// = u+iv is q.c. mapping satisfying the interior estimate inequality 

then u and v satisfies the interior estimate inequality. 

Proof. From 

A := \Vu\^ = 2{\u,\' + \u,\^) = 2{\f,+T,f + \f, +T.f ) 

and 

B := \Vvf = 2i\v.\^ + \v,\^) = 2(1/. - + \f, - M^) 
where ji = fz/ fz- Since < k 



{1 + ky - B - [l-ky 
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As 

|A/| = I Am + iAv\ < M|V/p + N = M(|VmP + iVup) + N, 
the relation (|2.2p yields 

-(l + fc)',w.,,2 



and 



\Au\<M^^^—^\Vu\'+N 
\Av\<M^^±^\Vv\' + N. 



□ 



Since f — (j) ° f ° we obtain 

(2.3) df = <l>'dfij', df = cl>'df7j' 
and 

(2.4) ddf = Ia/ = iA(0 o /) . = (0"a/ • Bf + ^'ddf)\rjf. 
Now combining (P?T|) . and ((^ we obtain 

|A/|<4Mj^|a/||a/| + |(/.'||A/|hf 

< 4Mji|5/||a/| + (M|V/p + iV) l^f 



|V/|2 + iV|0'||,/i2 



As / is a k- q.c. mapping using Lemma 12.31 we have 



(2.5) |A,|<li±i£(m+«).|,.|. + „|,.||,.. 



Proposition ll.Sl implies that the function [77' | is bounded from above by a constant 
Ci, the function |0'| is bounded from below and above by positive constants C2 
and C3 respectively and the function is bounded from above by a constant C4. 
Hence 

|As<Afo|Vs|2 + iVo, 

where 

(1 + A:)2 /C4 Af^ 



Afo = |^^^ + ^j and iVo = C.C^iV. 

Proposition 12 . 21 implies that, the function | V ■sl is bounded by a constant 64. Since 
/ is a fc— q.c. mapping, we have 

{l~k)\df <\df~dj\ < 2\s,\ < V2bt. 

Finally, 



\df\ + \df\ < V2\±-b., 



Since the mapping 77 is conformal and maps the circle arc T = {cf)o f o ri)~^{a, b) 
onto the circle arc {(j> o f)~^{a,b), it follows that it can be conformally extended 
across the arc T' = {(p o f o ri)^^[c,d]. Hence, there exists a constant A such that 
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\i{z)\ > 2A on T'. It follows that there exists r e (0, 1) such that \r]'{z)\ > A in T = 
{pz : z S T',r < p < 1}. It follows from the Proposition II. 8|, that the conformal 
mapping and its inverse have the extension to the boundary. Therefore there 
exists a positive constant B such that |0'(2;)| > i? on some neighborhood of (j>~'^[c, d] 
with respect to D. Thus, the mapping / — 0^^0/077^^ has bounded derivative in 
some neighborhood of the set ri{T'), on which it is bounded by the constant 

1-kAB 

Then 

\df{z)\ + \df{z)\ < Co for all z e U near the arc T = tj{T'). 

□ 

Theorem 2.4. Let f be a quasiconformal diffeomorphism from the plane do- 
main fl with C^'" compact boundary onto the plane domain G with C^'" compact 
boundary. If there exist constants M and N such that 

(2.6) |A/| <M|V/p + iV, zen, 

then f has bounded partial derivatives in fl. In particular it is a Lipschitz mapping 
in ri. 

Proof. According to the Theorem 12.11 for every t e dO, there exists rt > such 
that / has bounded partial derivatives in H D{t^ rt). Since dVL is a compact set it 
follows that there exists ti, . . . ,tm such that C UZli D{ti,rt.). It follows that / 
has bounded partial derivatives in H IJ™ ^ D{ti, rt-). Since / is diffeomorphism in 
n we obtain that / has bounded derivatives in the compact set H. \ IJilLi D{ti,rt^). 
The conclusion of the theorem now easily follows. □ 

Corollary 2.5. Let Q, be a plane domain with C^'" compact boundary and G be a 
plane domain with C^'" compact boundary. If w — f{z) : fl t-^ G is quasiconformal 
solution of the equation 

^2 awxx + 2(3wxy + IWyy + ai (z) + 61 {z)wxWy + ci {z)Wy 

+ a{z)wx + b{z)wy + c{z)w + d{z) — 0, 

such that a, /?, 7 G R, a > 0, a7 — > 0, a, b, c, d, ai, 61, ci S G{n), then f is 
Lipschitz. 

Proof. Since the PDE (|2.7p is elliptic, we can choose coordinates x = aiu + /3iv, 
y = Piu + ^xv such that (|2.7p becames 

^^^^ Wuu + Wvv + a'l (u, w) + 6'i {u,v)wuWv + c[ {u,v)vul 

+ a'{u, v)wu + b'{u, v)wy + c'(u, v)w + d' [u, v) — 0, (u, v) G il'. 

For e G C(il') let |e| = max{|e(u, w)| : G il'}. Using (|2.8p and the inequality 

2\t\ < + 1 we obtain 

\Aw\ < (^M + (iv^p + 1) + (^max{|al|, \c\\} + \\7w\' + \c'\\w\ + \d'\ 

= M|Vwp + 7V, 

where 

M=(|a'| + |5'|)/2 + max{K|,K|} + M 
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and 

\a'\ + \b'\ , , , , 

The conclusion now follows from Theorem 12.41 □ 

Theorem 2.6. /// is a quasiconformal harmonic mapping between two C^'" disk- 
like surfaces Si and S2, then it is a Lipschitz mapping i.e. there exists a constant 
C such that 

d{f{x), f{y)) < Cd{x, y), for all x,y e Si. 

Proof. Let / be a harmonic q.c. mapping between disk-like surfaces Si and 6*2. Let 
y : U I— > S*! and Y : U i—^ S2 he conformal mappings. Let us consider the mapping 
g = X^^ o / o y of the unit disk onto itself. Since f{Y{z)) — X{g{z)), it follows 
that 

\foY,\' + \foYy\^^\X^\\\g,\' + \gyr). 

Hence 

(2.9) E[f oY]=Ex[g]= [[ \X^\H\g.\' + \gy\')dxdy. 

If we denote p{w) = |Xu(i(;)p, then the stationary points of the energy integral 
Ex [g] satisfies the Euler-Lagrange equation 

(2-10) 5^-+ (logp)„ ogg^ gj = 0. 

Consequently / o y is harmonic if and only if g is p— harmonic i.e. the mapping 
satisfying the relation (|2.10p . According to the Corollarv ll.9l the mapping g satisfies 
the conditions of Theorem 12.41 Namely as Klogp)^^! < M and Iffzffzl < l/2(|gzP + 
ISzP) we can simply take M — A/'/2, and N — Q. Theorem 12.41 yields that g is 
Lipschitz. By Theorem 11.71 it follows that X and Y are bi-Lipschitz mapping. / is 
Lipschitz as a composition of Lipschitz mappings. □ 

Using Theorem 12.61 we obtain the theorem: 

Theorem 2.7. // / is a quasiconformal harmonic mapping between C^'" surfaces 
Si and S2, with C^'" compact boundary then it is a Lipschitz mapping i.e. there 
exists a constant C such that d{f{x), f{y)) < Cd{x,y), for all x,y Si. 

2.1. Further results. Let F be a closed Jordan curve in M"^. Then S is called a 
generalized minimal surface spanning F if S* is represented by a triple of real valued 
functions 

(2.11) X{z) ^ {u{z),v{z),w{z)) : {\z\ <1} ^W", z ^ x + iy = re"^ 

such that 

(a) u, V, w are harmonic in \z\ < 1 and continuous in \z\ < 1 

(b) X and y are isothermal parameters in \z\ < 1, i.e., 

W \2 2, 2, 2 2, 2, 2 w \2 

\X^\ = +V^ + Z^=Uy+Vy+ Zy = \ X y\ 

and 

Xx- Xy^ UxUy + VxVy + W y = 0. 

(c) X(e*^) is is a homcomorphism of \z\ — 1 onto F. 
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A solution to Plateau's problem for F is a generalized minimal surface spanning 
r, and a solution may be normalized by specifying that three fixed points on \z\ ~ 1 
correspond to three fixed points on T. Consider the analytic functions of which m, 
w, w are the real parts: A(z) = u{z) + m*(z), ^{z) = v{z) + iv*{z) and rj{z) = 
w{z) + iw*{z). Then the condition (b) is equivalent to condition: 

A''(z) + /i''(z)+?7''(z) = 0, \z\ < 1. 

It was noted by Weierstrass that if the boundary F of a minimal surface S 
contains a straight line segment a, then the surface may be extended analytically 
as a minimal surface across a, by use of the reflection principle. In 1951 H. Lewy 
|17j proved that if a is an analytic arc then the surface can be extended analytically 
across a. For bounded behavior of minimal surfaces see the paper of J. C. C. Nitsche 
|19j . In that paper Nitsche proved among other results the following 

Proposition 2.8. // F e C''" for I > 1 and < a < I, then X{z) e C'" in 
\z\ < 1 and the Holder constant for the l — th derivatives of X{z) is the same for all 
solutions of Plateau's problem, i.e., they depend only on the geometrical properties 
ofT. 

If X is a conformal mapping between the unit disk and the minimizing surface 
spanning a curve F then neither neither X has not branch points i.e. 
the points |z| < 1 such that X„ x X^ = 0. See [20] and [^. If in addition assume 
that 7 g C^, then X has smooth extension to the boundary of the unit disk and 
the boundary function has not branch points i.e. the points z : |z| = 1 such that 
Xu ^ Xi, =0, see [TB]. Hence 

(2.12) c := min x = min > 0. 

2|<1 l-^l^-l 

Using these facts and Proposition 12.81 it follows that, every minimizing surface 
spanning C^'" Jordan curve is disk-like C^'" surface. Now according to Theorem l2.6l 
we deduce: 

Theorem 2.9. If Si and S2 are minimizing surfaces spanning C^'°' Jordan curves 
Fi and F2, and f a harmonic q.c. mapping between Si and S2, then f is Lipschitz. 

2.2. A question. Is quasi-conformal harmonic mapping between two C'^" surfaces 
with C''" compact boundary bi-Lipschitz mapping? 
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